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A B S T R A C T 

In classical theory of stellar wind formation, supersonic stellar wind starts with an initial speed of the eigenspeed at the inner 
boundary of the corona, goes along a continuous eigenfunction, reaches the sonic point while requiring a critical condition to be 
satisfied, and becomes supersonic across the critical point. If the initial speed is smaller than the eigenspeed, the wind is subsonic, 
and if the initial speed is greater than the eigenspeed, stellar wind cannot form. Since the initial flow speed is determined by 

ionization processes at the top boundary of the chromosphere and chromospheric and coronal heating processes, the initial speed 

of the wind can often be greater than the eigenspeed, posing a dilemma to the classical stellar wind theory which predicts no 

stellar wind under such conditions. We examine the classical stellar wind evolution equation and find that when the initial speed 

is greater than the eigenspeed, it cannot hold at the sonic point. In 1D steady state gasdynamics, the evolution equation can be 
rewritten with two expressions, one at the sonic point and one for everywhere else. The Rankine–Hugoniot relations are used 

to connect the solutions across the sonic point. A discontinuity standing in the flow that travels at the local sonic speed can 

facilitate the sonic transition. Supersonic winds can form when the inner boundary speed is greater than the eigenspeed. The 
critical solution separates the parameter regimes of supersonic from subsonic winds, and most supersonic stellar winds do not 
go through the critical point or critical points. 

Key words: Sun: corona – Sun: fundamental parameters – solar wind – Sun: transition region – star: coronae – star: winds, 
outflows. 
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.  I N T RO D U C T I O N  

.1. Critical solution 

ne of the fundamental problems in solar physics is the formation 
f the supersonic solar wind. The conventional theory is based on 
nalysis of the types of solutions of the solar/stellar wind evolution 
quation which can be derived from the continuity and momentum 

quations (Parker, 1958 , 1964a , b , 1965a , b ) as shown in Fig. 1 . In the
gure, thin solid lines show family curves of the flow velocity solved
rom the evolution equation. The dashed curve shows the sonic line, 
nd the sonic point is where a thin solid line crosses the dashed
urve. Supersonic solar/stellar wind is indicated by the segments of 
hin solid lines abo v e the dashed curve. The most important feature of
his figure is the critical point where the sonic line, thick solid line AB,
nd thick line CD cross each other. Line AB is an eigenfunction or the
ritical solution. The speed at the inner boundary of the corona, point
 in Fig. 1 , is called the eigenspeed V e , derived backward from the

ritical point along the eigenfunction. This specific initial flow speed 
t the inner boundary determines whether supersonic solar/stellar 
ind can form or not. If the solar/stellar outflow starting in the

orona is subsonic, in the lower-left corner, only line AB represents
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 supersonic solar/stellar wind that can flow to the earth’s orbit, far
n the right of the chart. If the solar/stellar wind speed generated
n the transition region and/or the temperature produced by the 
eating in the corona does not exactly satisfy the requirement at the
ritical point, supersonic solar/stellar wind cannot form. Therefore, 
he conventional theory concludes that all supersonic solar/stellar 
inds from the corona are formed by flow going through the critical
oint. Weber & Davis ( 1967 ) added the effects of the magnetic field
nto the theory and predicted additional critical points and more 
ritical solutions, but the supersonic winds are still formed by flows
oing along the eigenfunctions through the critical points. The nature 
f requirements of critical points remains the same. 
Because the solar winds observed at the earth’s orbit, although 

uctuating greatly, are supersonic, the conventional theory has 
een considered as a milestone in space/astro physics. All current 
olar/stellar wind models have been built based on this theory and
easoning. 

An important feature in the conventional theory is that the eigen-
unction is continuous. Shergelashvili et al. ( 2020 ) and Westrich et
l. ( 2024 ) recently considered allowing a discontinuity at the critical
oint. 

.2. Inner boundary conditions 

n the early years of conventional theory development, people knew 

ittle about the inner boundary conditions at the corona. Models 
is is an Open Access article distributed under the terms of the Creative 
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M

Figure 1. Conventional stellar wind theory (adapted from Parker, 1964b ). 
The horizontal axis is radial distance from the center of the Sun/star. The 
sonic speed, dashed line, and illustrati ve flo w velocities, solid lines. At the 
coronal base, the temperature is high, and the flow speed is very small, as 
shown in the lower-left corner. The flow speed becomes transonic at the 
critical point, r c . According to the conventional solar/stellar wind theory, 
supersonic solar/stellar wind is e xclusiv ely formed along the critical flow 

line, the thick solid line from point A to point B, called the eigenfunction. 
The lines with arro wheads belo w the critical flow line are subsonic, and those 
abo v e the critical flow line are deemed unphysical and cannot exist because 
the solutions are multi v alued. 
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ssumed the corona to be isothermal or polytropic. For an isothermal
orona, the coronal base temperature needs to be million degrees.
his leaves the question of how the million-degree temperature can
e raised from a few thousand-degree chromosphere (e.g. Klimchuk
006 ). 
The potential mismatch between the inner boundary conditions

nd the requirement of critical solution had been noted and investi-
ated (e.g. Brandt et al. 1969 ; Wolff et al. 1971 ) as ‘incompatibility’
etween the critical point phenomena and possible independent
hysical choices for inner boundary conditions. These authors
nvestigated such effects as by magnetic field, heat conductions, a
mall viscosity, and electron-ion two-fluid. The y e xperimented and
eveloped numerical methods to successfully find smooth solutions
assing through the critical re gions. Nev ertheless, as summarized by
undhausen ( 1972 ), the predicted solar wind speed and temperature

re usually on the lower side to the observed ones, causing a
olar wind ‘energy problem’ while each additional mechanism adds
ubstantial complicity to the formalisms. The ‘energy problem’
emains outstanding and is often attributed to insufficient heating
t the coronal base, but more heating would result in more severe
ncompatibility between the inner boundary conditions with the
ritical condition. 

The eventual solar/stellar wind properties, such as the mass flux
nd energy flux, depend critically on two processes, not only one:
he ionization in the transition region, which determines the available
onized mass flux for the solar/stellar wind, and the coronal heating
round the coronal base which determines the total energy of the
olar/stellar wind. These two processes cannot be solely determined
y processes (or requirements) at the critical point which is several
olar/stellar radii farther away. 

Recently, a series of investigations (Song & Vasyliunas 2011 ; Tu &
ong 2013 ; Song 2017 ) have shown semi-quantitatively that upward
ropagating Alfv ́enic perturbations from the photosphere can be
fficiently damped by neutral-plasma collisions in the chromosphere
o provide most of the required heat energy for the radiative losses
hich keep the chromosphere weakly ionized at lower temperatures.
his mechanism in principle is able to address the ballpark part of
NRAS 540, 2975–2990 (2025) 
he so-called coronal heating problem. Song et al. ( 2023 ) further
nvestigated the ionization of the chromospheric gases in the tran-
ition region which produces the nearly fully ionized outflow into
he corona forming the solar wind. They showed that to produce the
ully ionized solar wind flux observed at the Earth’s orbit, coronal
eat sources other than dissipation of the heat flux are needed. Here,
e recall that although the heat sources in the corona have been
idely recognized and agreed upon (e.g. Parker, 1960 , 1964a , b ,
965a ; Hundhausen 1972 ; Withbroe & Noyes 1977 ; Aschwanden
005 ; Zank et al. 2021 ), some models suggested that dissipation of
ownward conduction flux from the corona be sufficient to heat the
edium and to launch the solar wind (e.g. Hundhausen, 1972 ) while

t is two order of magnitude less than what is required to sustain
he chromospheric radiative losses (Song & Vasyliunas, 2011 ; Song,
017 ). 
The analysis of the formation of the transition region (Song et al.

023 ) has shown semiquantitative understanding of the processes at
nd below the transition re gion, remo ving much uncertainty about
he inner boundary conditions of the corona. This also remo v es the
ossibility that inner boundary conditions are determined by the
equirement at the critical point. Since the solar wind flux and, with
 given density, the initial speed at the bottom of the corona is
etermined by the ionization processes in the transition region, the
nitial speed at the inner boundary of the corona may not al w ays
xactly equal the eigenspeed but has a large range of variations.
his raises the question about the validity of conventional theory
ecause most often the inner boundary flow speed is unlikely to
atch the critical condition as required by the conventional theory,

nd, ho we ver, the supersonic solar wind has been observed almost
ll the time. The inconsistency indicates that the conventional model
f the formation of the supersonic solar/stellar wind needs to be
undamentally modified or revised. 

.3. Our approach 

n this study, we investigate the whole notion about the critical point
nd significance of the critical solution in forming a supersonic wind.
n this regard, if most supersonic winds are formed without going
hrough the critical point, the critical point may not be important
nd the number of critical points even less important to understand
he formation of the supersonic solar/stellar winds. Therefore, in this
tudy, we concern only a classical problem that has been e xtensiv ely
tudied for more than six decades; detailed mechanisms and effects
re less important. In this initial study, we have to limit ourselves to
 tractable theoretical framework because any additional effect may
eed one or more than one detailed study and validation. 

The conventional theory we refer to in this paper is the funda-
ental theoretical framework originally proposed by Parker (e.g.
arker, 1958 , 1965b ; Hundhausen, 1972 ; Holzer, 1977 ; Holzer
nd Leer, 1980 ; Leer and Holzer, 1980 ). We focus on two major
ssues: sonic transonic processes (note that it is not only about
he critical point transition) and the formation of supersonic flow.
n the conventional theory, these two issues are resolved with a
ingle mechanism/treatment – critical solution which offers one
ossible solution to the two issues. Ho we ver, as we know from the
bo v e discussion that since the inner boundary flow conditions are
etermined by the processes below the inner boundary and seldom
atisfy the critical conditions to form the supersonic solar wind
ccording to the conventional theory, supersonic solar wind should
ot have been frequently observed at 1 au. Therefore, we set our goal
or this study to provide a theoretical framework that can produce
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upersonic wind with a relatively large range of inner boundary 
onditions. 

There are many ‘realistic models’ developed over years in the 
ommunity, such as, kinetic and various global simulation models, 
ach claiming some advantages. It is obvious that if the foundation of
he supersonic wind formation is modified, those ‘realistic models’, 
ncluding the concepts and fundamental ideas discussed in these 
tudies, will need to be modified accordingly. In this first step 
o fundamentally modify the conventional theory, we treat only 
he processes that can qualitatively change the nature of the wind 
olutions to provide a more solid foundation for further ‘realistic’ and 
pplication model developments. To a v oid distractions from basic 
hysical processes, we start with the simplest situation of a single-
uid, one-dimensional, steady-state hydrodynamic fluid with generic 
d hoc heating sources and heat conduction and its dissipation. For
xample, although the magnetic field may make a single critical 
oint to three critical points, it does not change the nature of the
upersonic wind coming out along the eigenfunction assumed in 
he conventional theory. Therefore, with or without the magnetic 
eld will not fundamentally change the conclusion of our analysis. 
he effects of the magnetic field are included qualitatively in the 
asic consideration but not formally treated or solved. We leave 
he inclusion of other effects in the formation of the solar/stellar
oronal base and solar/stellar wind, such as geometry , asymmetry , 
ultidimensionality, non-steadiness, electromagnetic field, viscos- 

ty, and specific heating mechanisms for future studies. Ho we ver, 
ecause time-dependent effects have been widely considered as 
he solution to the problem in Parker’s theory, we formally treat 
he issue theoretically in Appendices B and C and discuss exten- 
ively in Sections 3.3 and 5.3 . Issues with numerical simulations
n modeling the solar/stellar wind formation should be studied 
eparately. 

The theory we propose is more generally applicable to the condi- 
ions at a variety of stars, and hence, it is referred to as a stellar wind
heory. Ho we ver, to demonstrate validity and for quantitative control, 
e use observed average parameters from the solar chromosphere, 

oronal base, and solar wind to guide our discussion and semi-
uantitati ve e v aluations. Recent observ ations from the Parker Solar
robe and Solar Orbiter may provide more constraints on the details 
or further model development (e.g. Shi et al. 2022 ; Raouafi et al.
023 ; Telloni et al. 2023 ). 
In Section 2 , we present the one-dimensional steady-state go v ern-

ng equations used in studying the space abo v e the transition region
ith a focus on the solutions around the sonic point in a similar nature

o Parker’s original formalism. The details of the determination of 
he wind flux or outflowing velocity from the transition region due 
o the increased ionization are provided in Appendix A . In Section
 , we propose a model of the supersonic wind formation with a
iscontinuity at the transonic point. In Section 4 , we show numerical
olutions from the model for a range of initial speeds. In Section 5 ,
e discuss some concepts in our theory and possible alternatives. 
etails for the wave analysis are provided in Appendix B and for

ormation of a standing structure in the flow are given in Appendix
 . 

.  T H E O R E T I C A L  F R A M E WO R K  

.1. Go v erning equations 

or simplicity, we treat the stellar wind as an electron-ion single 
uid and consider 1D gas flowing radially out from the star; at radial
istance r from the center of the star, the number density is N, and the
ow speed is V . The steady-state go v erning equations are as follows.
Continuity 

∂ 

∂r 

(
r 2 NV 

) = 0 (1) 

Since we assume no source or sink (no ionization nor recombi-
ation) of the fluid, equation ( 1 ) is applicable to re gions abo v e the
ransition region where the fluid is nearly fully ionized. 

Momentum equation 

V 

∂V 

∂r 
= −2 

∂p 

∂r 
− ρg + ( J × B ) · ˆ r (2) 

Here, 2 p = ( p i + p e ) is the thermal pressure of the plasma, in which
actor 2 is a conventional single fluid treatment of electron–ion fluids
ssuming that the ion pressure equals the electron pressure, ρ = 

N is the mass density, m is the average mass of an electron–ion

uid particle, and g = 

g s r 
2 
s 

r 2 
= − ∂� 

∂r 
is the gravitational acceleration; 

ere, � = − g s r 
2 
s 

r 
is the gravitational potential of the star. Subscript

 denotes the value at the stellar surface, i.e. r = r s . Vectors J and B
re the electric current density and magnetic field, respectively, and 

ˆ  is the unit vector in the radial direction. The J × B force in the
adial direction is of the order of ∂ 

∂r 
( ρc 2 At ) where c 2 At = 

B 2 t 

μ0 ρ
is the

quare of the Alfv ́en velocity based on the transverse component of
he magnetic field, μ0 is the permeability of the vacuum, and B t is
he magnetic field component transverse to the flow direction. Since 
n the region we are interested, the magnetic field is dominated by
he radial component, in the following analysis we neglect the effects
f the (large-scale) DC component of electromagnetic fields on the 
omentum equation and will discuss qualitatively the effects below 

n the Poynting vector and the effects on the formation of wave fronts
n Appendix B . 

The steady-state energy equation (e.g. Rossi & Olbert 1970 ) of
he corona, when including cooling (e.g. Vasyli ̄unas & Song 2005 ;
ong 2017 ), is 

 ·
[

V 

(
1 

2 
ρV 

2 + 5 p + ρ� 

)
+ q + S 

]
= −C (3) 

We have assumed the ratio of specific heats to be 5/3 in the thermal
nergy density. Vector S = E × B is the Poynting vector, E is the
lectric field, q is the conduction heat flux, and C is the radiative
ooling rate which is not commonly included in MHD theory. We
ssume that in the corona and the stellar wind, radiation is a pure
oss of energy when it is not reabsorbed. The radial component of

he Poynting vector is S r = 

V B 2 t 

μ0 
= V ρc 2 At . Although we do not treat

lectromagnetic ef fects quantitati vely in this study, we include it here
or potential heating sources to be discussed below. 

The Poynting vector S is the electromagnetic energy flux car- 
ied by the medium, where in ideal MHD, the non-dissipative 
art of the Poynting vector satisfies ∇ · S non = 0, and in an
deal gas with no dissipation, no heating and no cooling, ∇ ·
 V ( 1 2 ρV 

2 + 5 p + ρ� ) ] 
non 

= 0, where subscript non denotes the 
deal or non-dissipative part of the fluid although the dissipative 
rocesses may feed energy flux into it. Heating rate Q can be derived
rom dissipative MHD and HD processes, which convert the fluid 
nd EM energies to heat (e.g. Song & Vasyliunas 2011 ) 

 · S diss + ∇ ·
[

V 

(
1 

2 
ρV 

2 + 5 p + ρ� 

)]
diss 

= −Q (4) 

Here, we emphasize that one cannot simply add the heating rate
rom a perceived mechanism to the right-hand-side of equation 
 3 ). All heating mechanisms have to be derived according to first
MNRAS 540, 2975–2990 (2025) 
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rinciples from equation ( 4 ) and semi-quantitatively constrained by
bservations (e.g. Song & Vasyliunas 2011 ). 
According to Fourier’s law, the heat conduction flux is q = −κ∇T 

here T is the temperature of the plasma and κ is the heat
onductivity. Here, we recall that heat conduction is maintained
y electron collisions in our parameter regime in the presence of
 temperature gradient. If there are no collisions, the divergence of
he heat flux ∇ · q non is zero. The dissipation of the heat conduction
n our problem of a dissipative collisional plasma flow is dominated
y electron collisions that produce the divergence of the heat flux
 · q d , where q d = −κ0 T 

5 / 2 ∇T , where κ0 = 9 . 2 × 10 −7 in CGS
nits (Spitzer 1956 ; Aschwanden 2005 ) and subscript d denotes
issipative. Constant κ0 is smaller than that used in other studies
Parker 1964b ; Hundhausen 1972 ; Holzer & Leer 1980 ). Spitzer ’s
eat conductivity is based on Fokker–Planck electron collisions for
istribution functions with no large gradients in velocity space. Al-
hough wave-particle collisions may modify the heat conductivities
nd hence dissipation rates, the features and conclusions of this study
ill unlikely be changed fundamentally and we will use Spitzer ’s

onducti vity to semi-quantitati vely e v aluate the model results. The
ivergence of the heat flux is 

 · q = ∇ · q d (5) 

It is worth mentioning that the dissipation of the heat flux, equation
 5 ), is not directly related to the heating mechanisms ( Q in equation
 ). Many conductive heating models assumed Q = 0. 
In this study, we neglect the conv ectiv e DC electromagnetic

nergy, i.e. the DC Poynting vector, and combine dissipative MHD
nd HD effects as a heating source with an ad hoc heating rate Q
round the coronal base where the temperature reaches a maximum.
issipation of the heat flux is present in all regions where the

emperature gradient is non-zero and is enhanced where the gradient
s very large. In 1-D, energy equation ( 3 ), combined with equation
 1 ), i.e. r 2 F = r s 2 F s where F = NV is the number flux per unit cross-
ection area and in a single fluid treatment with p = NkT, where k is
he Boltzmann constant, becomes 

 s r 
2 
s 

d 

r 2 d r 

[
1 

2 
m V 

2 + 5 kT + m� 

]
non 

+ 

d 
(
r 2 q d 

)
r 2 d r 

= Q − C. (6) 

Subscript non will be dropped from now on for simplicity. The
issipati ve ef fects other than dissipation of the heat flux are combined
o become Q based on equation ( 4 ) which includes the dissipation of
he Poynting vector while assuming the Poynting vector carried by
he flow to be non-dissipative. The outflowing plasma flux F s from the
tar is primarily determined by the ionization/recombination process
n the transition region (see Appendix A ). 

The physical meaning of equation ( 6 ) is clear. The quantity in the
rackets is the sum of the fluxes of ‘non-dissipative’ kinetic energy,
nthalpy, and gravitational energy that an average particle carries.
 and C are the local heat source and sink, respectively, of the

nergy flux of the medium. The energy from sources or to sinks is
edistributed into the flow by heat conduction with (in the presence
f dissipation) or without (in the absence of dissipation) conductive
eating. Note that there is a possibility of ∇T �= 0 while ∇ · q = 0,
amely, there is a temperature gradient and hence non-zero heat flux,
ut the dissipation is negligibly small. This is a situation where the
eat flux supports the long-range energy redistribution as discussed
ater in Section 3.2 . We note that equation ( 6 ) is the same as the
nergy equation of Parker ( 1964b ) when Q − C = 0. In other words,
n Parker’s model, there is no heating other than the dissipation of
he conduction flux as we mentioned in the introduction. 
NRAS 540, 2975–2990 (2025) 
By contrast, in our treatment, there is an ad hoc heating source
erm, Q in equation ( 4 ), similar to that of Leer and Holzer ( 1980 ),
ue to dissipative processes in addition to the dissipation of the heat
ux. The heat energy produced by the dissipation can feed back

nto the flow energy as indicated by equation ( 6 ). Heat conduction
ransfers the heat energy to areas both upward and downward from
he heating source. The dissipation of the heat flux converts the heat
nto other forms of flow energy as a result of collisions. Although
e do not specify the mechanism of the additional heating source,
any mechanisms from previous theoretical investigations, such as

hock heating, cyclotron resonance, kinetic Alfv ́en waves, resistive
eating, and reconnection (see Tu et al. 1984 ; Aschwanden 2005 ;
ank et al. 2021 ; Tu & Marsch 1995 ; Hu et al. 1999 ; Vainio et
l. 2003 ; Shergelashvili & Fichtner 2012 ), have provided a large
ange of heating rates. For example, the generation and growth
f perturbations may draw energy from the flow energy and/or
lectromagnetic energy (Zank et al. 2021 ). Nevertheless, we should
oint out that although most of these mechanisms may not be able
o produce enough heating to support the chromospheric radiative
osses, they are most likely able to provide sufficient energy for the
ormation of the coronal base and supersonic wind, which, other than
eutral-ion collisions, may be only a few per cent of the total required
coronal heating’ as discussed before (e.g. Song & Vasyli ̄unas 2011 ).
 greater coronal heating rate Q may unlikely raise the temperature
f the coronal base. Instead, it is more likely to produce greater
ownward heat fluxes resulting in more outward flow fluxes as shown
n Appendix A . In Section 4 , we assume the ad hoc Q −C term to
ave the form of a Maxwellian function. 
We integrate equation ( 6 ) from the inner boundary of the present
odel, r 0 , to r and obtain 

F s 

[ m 

2 
V 

2 + 5 kT + m� 

] r 
r0 

−
[
κ0 T 

5 
2 
r 2 

r 2 s 

d T 

d r 

]r 

r 0 

= 

r ∫ 

r 0 

r 2 

r 2 s 

( Q − C ) d r (7) 

Let 

 r = 

[ m 

2 
V 

2 + 5 kT + m� 

] 
(8) 

 r = −κ0 T 
5 
2 

d T 

d r 
(9) 

 r = 

r ∫ 

r 0 

r 2 

r 2 s 

( Q − C ) d r (10) 

Equation ( 7 ) can then be rewritten as 

 s E r + 

r 2 

r 2 s 

q r − H r = F s E 0 + 

r 2 0 

r 2 s 

q 0 − H 0 = U 0 (11) 

here U 0 is the first integral of the energy equation and can be
etermined at the inner boundary, and subscript r denotes values at
adius r . H 0 = 0 when r = r 0 from equation ( 10 ). 

.2. Stellar wind evolution equation 

eyond the coronal heating source region, the net heating rate H r 

rom equation ( 10 ) reaches a constant H m 

so that H = H m 

+ U 0 

ecomes constant, and the energy equation is 

 s E r + 

r 2 

r 2 
q r = H (12) 
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From the definition of q r , equation ( 9 ), we then have 

d T 

d r 
= 

F s E r − H 

κ0 T 
5 
2 

r 2 s 

r 2 

= 

1 

κ0 T 
5 
2 

{ 

F s 

[ m 

2 
V 

2 + 5 kT + m� 

] 
− H 

} ( r s 

r 

)2 
, (13) 

hich specifies the temperature gradient and hence the temperature 
rofile. Here we should point out that although in regions far away
rom the coronal heating sources, such as near the sonic transition or
ritical point, local heating may be negligible, the total heating H in
eneral cannot be set to 0 as did in the conventional theory discussed
bo v e. In theory, H includes all heating effects, such as turbulence,
econnection, and most wave heating mechanisms, as shown in 
quations ( 4 ) and ( 10 ). In steady state, by combining equations ( 1 )
nd ( 2 ) to remo v e the density, we deriv e the stellar wind evolution,
r momentum, equation (Parker, 1958 , 1964b ; Chamberlain 1961 ) (
1 − c 2 

V 

2 

)
V 

d V 

d r 
= 

(
2 c 2 

r 

)
− d c 2 

d r 
+ 

� 

r 
(14) 

Here c 2 = 

2 kT 
m 

is the characteristic thermal speed, and, in the 
ollowing discussion, is referred to as the sonic speed. Since the 
onic speed and the temperature can be directly converted, we use 
hem interchangeably in our equations and discussions, as used in the 
onventional theory. Combining equations ( 4 ), ( 10 ), ( 13 ), and ( 14 ),
econnection, turbulence, and almost all heating mechanisms around 
nd below the coronal base are included in equation ( 14 ). Equation
 14 ) may be written in a simple form, for later discussions, as 

 

d V 

d r 
= R (15) 

here L = 

(
1 − c 2 

V 

2 

)
V (16) 

nd R = 

(
2 c 2 

r 

)
− d c 2 

d r 
+ 

� 

r 
(17) 

Substituting energy equation ( 13 ) into equation ( 17 ) yields 

 = 

(
4 kT 

mr 

)
− g s r s 

r s 

r 2 
+ 

2 k 

m κ0 T 
5 
2 

r 2 s 

r 2 
[ H − F s E r ] (18) 

In principle, given the energy E 0 from the inner boundary, flux 

 0 = F s 
r 2 s 

r 2 0 
, and the heating source abo v e the coronal base H , the

tellar wind velocity and temperature as functions of radial distance 
an be derived uniquely. As will be shown in subsection 5.1 , the
hysical meaning of R is the ef fecti ve dri ving force. Equation ( 18 )
hows that R is not a strong function of flow speed when the
ow is subsonic. In the lower corona, R is ne gativ e and increases
onotonically with distance. The second term on the right may be 

ominant when r is not very large. This feature is important for
upersonic wind formation. In particular, it is not necessarily equal 
o zero at the distance where the sonic point is approached, because
n general R depends on the flux from the transition region F s and
he heating process H . Ho we ver, at the sonic point, V = c and L = 0,
o equation ( 15 ) becomes 

 = R (19) 

One can easily derive equation ( 19 ) from the original form of
he continuity and momentum equations when V = c . Therefore, 
quations ( 15 ) and ( 19 ) can be combined as { 

L 

d V 
d r − R = 0 ( V �= c ) 

R = 0 ( V = c ) 
. (20) 

Equation ( 20 ) is the momentum equation combined with mass
onservation to eliminate the density. Although it appears to be a
imple mathematical maneuver by combining equations ( 15 ) and 
 19 ), it reveals a new physical feature. Since R is ne gativ e when
loser to the star and L < 0 when the flow is subsonic, if R increases
o 0 before L = 0, the first expression of (20) can hold by letting
 V /d r = 0. Further out, from R > 0 and L < 0, d V /d r < 0. This gives
 subsonic solution when the flow speed never reaches the sonic
peed. 

If the sonic point L = 0 is reached when R = 0, both expressions of
20) hold. This gives a critical point, which is a removable singularity
escribed in the conventional stellar wind theory at V = c , that is 

d V 

d r 
= R/L (21) 

At the critical distance r c , R = 0 and L = 0. The condition R = 0
ill be referred to as the critical condition while the condition L = 0

s the sonic condition. The situation for the critical condition and
onic condition occurring at the same point is possible when the
ingularity is remo v ed, and V and T remain continuous functions. 

A real problem occurs if the inner speed is greater than V e , the
onic condition L = 0 is reached when R is still ne gativ e. The first
erm in the first expression of equation ( 20 ) is zero, requiring R = 0
or the equation to hold, but R , defined by equation ( 18 ), is not equal
o zero because R depends on the flux from the transition region F s 

nd the heating process H . This is no longer a simple problem of
ingularity but is a problem of validity of the conventional stellar
ind momentum equation ( 14 ). Specifically, if R < 0 at the sonic
oint, no stellar wind solution can be found from either equation ( 14 )
r ( 21 ). This creates a theoretical difficulty in the conventional stellar
ind theory and is the central issue to be resolved in this study. 

.3. Approaching the sonic point 

rom equation ( 20 ), close to the star in the parameter range of interest,
oth L and R are ne gativ e and increase monotonically with distance.
o we ver, since L and R are determined differently by the energy

nd heat fluxes at the inner boundary of the corona and the heating
rocesses around the coronal base, in general, the sonic condition 
nd critical condition do not necessarily occur at the same point.
s shown in Table 1 , there are three possibilities when the flow

eaches the characteristic distance r 1 , this being the radial distance
t which either L or R first becomes zero in the outflow, with the
ther parameter remaining ne gativ e. The differing cases relate to
hether the sonic condition or the critical condition occurs first at

he characteristic distance r 1 . 
If the critical condition is reached at r 1 , R 1 = 0, before L reaches

ero, then L 1 < 0 downstream of point r 1 , where subscript 1 denotes
he value at r 1 . R then becomes positive while L < 0, and hence, from
quation ( 20 ), d V /d r < 0. The flow thus decelerates and the sonic
oint L = 0 will never be reached. This, shown as the first scenario
n Table 1 , gives the subsonic wind solution, corresponding to curves
n the area below A–r c –D in Fig. 1 , as agreed upon by both Parker
nd Chamberlain (e.g. Parker 1965b ). The flow speed at the inner
oundary V 0 is less than the eigenspeed V e . 
The scenario shown in the second row in Table 1 occurs when the

onic condition and critical condition occur at the same point, e.g.
quation ( 21 ) that r equir es R 1 = 0 when L 1 = 0, and is consistent with
MNRAS 540, 2975–2990 (2025) 
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Table 1. Three possible scenarios at the characteristic distance r 1 . 

Inner Boundary r 0 Upstream of r 1 r = r 1 − Downstream of r 1 r = r 1 + Stellar wind @ r >> r 1 

Only the critical condition 
No sonic point 
Parkers and Chamberlains subsonic solution 

V0 < V e L 1 < 0 
V ’ < c ’ 

R 1 = 0 L 

′ 
1 < 0 

V’ < c’ 
R 

′ 
1 > 0 

T’ and V’ 
Continuity 

Subsonic: V’ < c’ 
d V’ /d r < 0 
d T’ /d r < 0 

Critical condition at sonic point 
Parker’s model 

V 0 = V e L 1 = 

0 −〈 sy 〉 
V’ < c’ 

R 1 = 0 − L 

′ 
1 = 0 + 

V’ > c’ 
R 

′ 
1 = 0 + 

T’ and V’ 
Continuity 

Supersonic: V’ > c’ 
d V’ /d r > 0 
d T’ /d r < 0 

Sonic point before critical condition 
Present study 

V 0 > V e L 1 = 0 −

V’ < c’ 
R 1 < 0 L 

′ 
1 = 0 + 

V’ > c’ 
� T > 0, 
� V > 0 

R 

′ 
1 = 0 + 

T’ and V’ 
Discontinuity 

Supersonic: V’ > c’ 
d V’ /d r > 0 
d T’ /d r < 0 
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arker’s supersonic stellar wind solution. We have referred to this
cenario as conventional stellar wind theory or the ‘eigenfunction
olution’, where the common point is the ‘critical point’. The
orresponding initial velocity at the inner boundary is referred to
s the eigenspeed, V e . At the critical point, this is then L’Hospital’s
roblem in which the singular point in equation ( 14 ) is removable,
nd the solution for the velocity passes through the critical point
moothly and satisfies both expressions of momentum equation ( 20 ).
he wind becomes supersonic beyond the critical point. Since the
upersonic solar wind has been continuously observed, this scenario
as been widely accepted to explain all solar winds observed in
nterplanetary space and at the Earth’s orbit. As a result, it is believed
hat all supersonic solar winds come only along the eigenfunction,
ine A–B in Fig. 1 . 

Chamberlain disputed this scenario and hence the possibility of
upersonic solar wind because the required initial velocity at the inner
oundary, i.e. the eigenspeed, V e , allows too small a range of initial
elocity to be significant, or as Cranmer & Winebarger ( 2019 ) have
ritten ‘It seemed unlikely that the system would naturally choose

his one critical solution out of an essentially infinite number of others
hat do not become supersonic (see e.g. Chamberlain 1961 )’. As
hown by equation ( 18 ), for a given initial speed, a slight difference in
lasma flux F s or in net heating rate H w ould mak e the solution of the
elocity miss the critical point, so that the solution is either subsonic
r there is no numerical result possible beyond r 1 . To address this
oncern, the stability of the critical point has later been investigated
s a solution to this serious problem (e.g. Parker 1966 b). Therefore,
ne may question whether the observation of a supersonic solar wind
an be used as evidence to exclude pathways from the inner boundary
o interplanetary space other than that along the eigenfunction, line
–B in Fig. 1 . 
Parker dismissed the possibility of solutions when R 1 < 0 and

 1 = 0, shown in the lower row of Table 1 . This corresponds to
he situation when the initial speed V 0 is greater than V e , or curves
n the area between A–r c –C in Fig. 1 . When the initial speed is
reater than the eigenspeed, the flow reaches the sonic point before
he critical condition when the ef fecti ve dri ving force is still ne gativ e
nd dominated by the ne gativ e gravitation potential term in equation
 17 ). Equation ( 15 ) is no longer valid because the left-hand-side is
ero, but the right-hand-side is not zero. This situation and hence
hese solutions are unphysical, as Parker argued, because there are
wo possible values for the velocity at a given distance r < r 1 .
his has indeed been shown by Parker and many others for the
ase of isothermal situations (e.g. Aschwanden 2005 ; Shi et al.
022 ). In the isothermal case, i.e. when equation ( 13 ) or the last
erm in equation ( 18 ) is zero, the conventional stellar wind theory
elies on the presence of two, not one, intercepting separatrices,
NRAS 540, 2975–2990 (2025) 
–B and C–D in Fig. 1 , to argue against supersonic solutions in
he area between A–r c –C. Ho we ver, in the isothermal case, the
onic speed line is horizontal, and not tilted as in Fig. 1 and the
otal energy is not conserved without continuous heating sources
o support the continuous increase in speed while o v ercoming the
ravitational force. More generally, with a decreasing temperature
rofile in equation ( 13 ) or an increasing last term in equation ( 18 ),
he sonic line, the dashed curve in Fig. 1 , may not intercept with the
wo separatrices at the same point as shown in Fig. 1 . Therefore, the
xistence of the separatrix segment C–r c is questionable. Without
he segment C–r c , it is possible to directly connect the two segments
bo v e the eigenfunction line A–B. 

We should point out that when V 0 > c 0 , corresponding to the
egion between the dashed line and line C–r c in Fig. 1 , the solution
tarts from the coronal base abo v e the dashed line and stops at
he sonic point. Therefore, the supersonic portion of the lines in
he region between A–r c –C does not imply that the flow turns
ack to the star leading to a multi v alue problem, as argued by the
onventional theory. In fact, that portion is derived from a different
nner boundary condition at the coronal base flowing outward,
ecelerating, and eventually ending at the sonic point but without
urther solution beyond the sonic point. Therefore, the ‘multi v alue’
rgument discussed abo v e is questionable. 

Nevertheless, because the profiles of L and R are determined by the
roperties of the outflowing plasma flux from the chromosphere, the
eating process in the corona, and heat conduction, the situation when
 1 = 0 and R 1 < 0 cannot be dismissed simply because no continuous
olution can be found in the conventional analyses. This describes
ur moti v ation to express the momentum equation in equation ( 20 ).
t is possible to have a discontinuous solution between the subsonic
nd supersonic regimes. In the next, we investigate a scenario in
hich an outgoing supersonic wind can form o v er a broader range
f initial speeds. 

.  F O R M AT I O N  O F  A  DI SCONTI NUI TY  AT  T H E
ONI C  POI NT  

.1. Discontinuity jump relations 

t the sonic transition L = 0 when R < 0, equation ( 20 ) jumps from
he first expression to the second expression, indicating a possible
iscontinuous solution. This is the scenario Parker dismissed. In
ur fluid treatment, the internal structure of discontinuity cannot
e resolved or described in detail. Across the discontinuity, mass
ux, momentum, and energy flux have to be conserved. Since
quation ( 20 ) is derived from mass conservation (1) and momentum
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onservation (2), we examine its jump condition. For inner boundary 
onditions that result in a velocity profile above the eigenfunction, 
he ef fecti v e force R is ne gativ e when the sonic point is approached.
o we ver, at the sonic point, from the second expression of equation

 20 ), R = 0, there is a jump in the ef fecti ve force from R 1 < 0 to
’ 1 = 0. Here, we follow the tradition by adding a prime to denote the
o wnstream v alue. The change in the momentum equals the change
n the ef fecti ve dri ving force, R 

′ 
1 − R 1 . From equation ( 17 ), we have 

 

′ 
1 − R 1 = 

( 

2 c 
′ 2 
1 

r 1 

) 

−
(

2 c 2 1 

r 1 

)
− d c 

′ 2 
1 

d r 
+ 

d c 2 1 

d r 
(22) 

Note that the gravity force is continuous across the discontinuity. 
ot only does the temperature change, but also its gradient. The two

ides of the discontinuity each cannot be treated as the same in terms
f the temperature gradient. The change in the temperature gradient 
s associated with a change in the heating flux from equation ( 9 ). The
eat flux change can be determined from energy conservation (12), 

r 2 s 

r 2 1 

F s 

[ m 

2 
V 

′ 2 
1 + 5 kT ′ 1 

] 
+ q ′ 1 = 

r 2 s 

r 2 1 

F s 

[ m 

2 
V 

2 
1 + 5 k T 1 

] 
+ q 1 (23) 

We should point out that the discontinuity proposed in the present 
odel is not a shock. By definition, a shock, such as the bow

hock and interplanetary shocks often discussed in space physics 
nd astrophysics, refers to a type of discontinuity where the flow 

hanges from supersonic to subsonic state. 
Since R 

′ 
1 = 0 and R 1 < 0, and since the right-hand-side of

quation ( 22 ) is dominated by the temperature terms, across the
ransonic discontinuity, the temperature needs to increase, � T > 0. 
or a subsonic upstream flow to become a supersonic wind, the 
elocity jump also needs to be positive, � V > 0, which leads to a
e gativ e density jump, �N = N 

′ 
1 − N 1 < 0. Here, symbol � de-

otes the difference of the downstream value from the upstream one. 
imilarly, the velocity jump is �V = V 

′ 
1 − V 1 , temperature jump is

T = T ′ 1 − T 1 , and the heat flux difference is � q r = q ′ 1 − q 1 . 
The heat flux terms in energy flux conservation equation ( 23 ),

hich affects the temperature gradient term in the ef fecti ve force,
ake our jump conditions very different from the conventional 
ankine–Hugoniot relations which often assume adiabatic or poly- 

ropic processes across a discontinuity (e.g. Habbal and Tsinganos, 
983 ; Velli, 1994 ). Without dissipation, the heat flux terms cancel out. 
s shown in equation ( 22 ), with positive jumps in the temperature,

he discontinuity requires a reduction of the heat flux, � q r < 0, to
eat up the medium. 

The intensity of the discontinuity, the ratio of the downstream to 
pstream values, depends on how much heat flux is dissipated within 
he discontinuity which is ultimately determined by the ne gativ e 
alue of R upstream of the discontinuity. The jump conditions and 
eat flux dissipation within the discontinuity are self-consistently 
etermined by the conservation laws and the requirement of the 
o wnstream supersonic flo w condition. Since in our discontinuity 
reatment, there is no spatial scale for the thickness of the sonic
ransition layer, the rates of heat dissipation and flow energization 
re inversely proportional to the actual thickness of the discontinuity 
ayer. The detailed structure and processes therein can be resolved 
y solving the original form, not the integrated form, of the energy
quation ( 6 ). To gain a better physical understanding of the processes, 
hich may determine the thickness of the discontinuity, within the 

ransonic region, more theoretical and numerical investigations are 
eeded. 
.2. Dissipation of conduction flux 

lthough we have assumed that there are no external heating Q
nd cooling C processes, a fraction of a stellar radius beyond the
oronal base in the region we are considering, from equation ( 6 ),
he conduction flux carries heat energy from the coronal heating 
ource region to regions of lower temperature o v er a long range.
o we ver, heat conduction flux has been a confusing concept in

he context of coronal heating and solar wind formation (Hollweg 
976 ; Holzer and Leer 1980 ). We adapt Spitzer ’s formula given in
ection 2.2 . From equation ( 5 ), one can show that if T drops with
istance at r −2/7 , the dissipation is zero while heat flux is q r ∼ r −2 

nd the divergence of the heat flux vanishes. This temperature drop-
ff rate may be the asymptotic temperature profile at large distances
n the heliosphere before encountering the termination shock. We 
otice that the heliospheric temperature drop-off rate (Maruca et 
l. 2023 ), with a slope of power index −0.273, from 4.4 au to
he termination shock appears to be related to this drop-off rate
f a power index −0.286. In regions where the temperature drops
aster than this rate, the heat flux dissipates and constantly feeds
nergy into the flow. Before encountering the sonic transition, as the
emperature decreases at a fast rate, the acceleration is accomplished 
ith energy from the dissipation of the heat flux and the reduction
f enthalpy. The insight we gain from this discussion is that the
symptotic temperature profile cannot be a constant temperature, as 
e discussed earlier, because an isothermal profile requires energy 

nput to maintain. 
Upstream of the sonic transition, under the conditions for su- 

ersonic winds to form, the energy of the flow, which is the term
ithin the brackets in equation ( 23 ), is still ne gativ e because of the

arge ne gativ e gravitational energy. The outward energy flux from
he coronal base is mostly carried by heat flux. We recall that the
unction of the discontinuity in the sonic transition is to increase R
rom a ne gativ e value to 0 as shown in the last scenario of Table 1 .
rom equation ( 17 ), there are two apparently opposing possibilities

o increase R , either to raise the temperature T or to decrease the
emperature more rapidly which increases the ne gativ e temperature 
radient | d T /d r | . Although a larger ne gativ e temperature gradient
ay indeed lead to supersonic conditions, the resulting temperature 
ay further reduce the ef fecti ve force R making it remain negative.
s a result, the flow speed will decrease, the supersonic state cannot
e sustained, and the possibility is unphysical. 
The remaining possibility would then be a jump in the temperature

t the discontinuity followed by a flatter decrease. The combination 
f the two may decrease the heat flux if the temperature jump is not
oo large. Across the sonic transition, from equation ( 14 ), L = 0 −,
he velocity increases rapidly. From energy conservation equation 
 12 ) or ( 23 ), the change in the heat flux is 

− � q r = 

(m 

2 
� V 

2 + 5 k�T 
)

F s 

( r s 

r 

)2 
(24) 

With the increases in temperature and velocity, the heat flux 
ecreases across the discontinuity . Physically , the higher downstream 

emperature is energized self-consistently by heat flux dissipation. 
herefore, dissipation of the heat flux is very strong within the
iscontinuity and the heat flux decreases across it. This explains 
he cause and the location of the discontinuity. 

.3. Formation of a stable standing discontinuity in the flow 

here are three requirements to produce the proposed discontinuity. 
irst, it needs to be able to form; secondly, it needs to stay in the flow
MNRAS 540, 2975–2990 (2025) 
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nd not be carried away by the flow; and thirdly, it needs to be stable
nd not to be dispersed by fluctuations (Kennel, 1994 ). 

The formation of a discontinuity first needs a wave steepening
rocess. A well-known wave steepening process is the nonlinear
teepening formation of wave fronts, such as in the shallow water
a ve, b ut the conventional non-linear wave steepening process is
ot applicable in our case. In the corona-wind system, neglecting
he electromagnetic fields, the perturbations propagate as sonic
aves, see details of wave analysis in Appendix B , propagating both

orward (along the flow direction) and backward (against the flow
irection) and each propagates at sonic speed in frame of reference
f the flow. Note that the two oppositely propagating waves are
enerated at each point in space in order to satisfy the required
erturbation relations. The resulting net perturbation δV , which is
he summation of the forward and backward propagations, modifies
he flow toward the profile of the large-scale solution. Ho we ver, if
 perturbation propagates with a non-zero speed in the frame of
eference rest to the star, it will propagate and/or be carried away.
hese propagations will not be able to form a quasi-steady state
tructure. An observable structure, such as the bow shock, has to be
ormed by a standing wave, a perturbation that has zero propagation
elocity in the reference frame of the star. As shown in Appendix C ,
ll forward propagations are travelling and cannot form a standing
tructure. The backward propagation in the subsonic (supersonic)
utflow will propagate inw ard (outw ard) back to (away from) the
tar. A standing structure in the flow can be formed at the sonic
oint by the backward propagation. Note that, to form a standing
tructure, the perturbations of the waves have to have the correct
hases. In a quasi-steady state, the backward propagating waves in
rinciple are not the reflected waves from the incident waves which
ay have random phases. Therefore, we follow only the backward

ropagation next. When the effects of the electromagnetic field are
ncluded, there are three wave modes and six possible propagations in
he flow: the slow magnetoacoustic, Alfvenic and fast magnetosonic

odes, each of which can propagate either forward or backward (e.g.
eber and Davis, 1967 ). The sonic transition treated in this study

orresponds to the slow mode transition. 
The backward propagation follows equation ( C6 ), similar to

quation ( 14 ) by replacing d V /d r with d δV/ d r with an additional
actor of 1/2. When d δV/ d r is positive (negati ve), the flo w accelerates
decelerates) with distance. For R < 0, in the subsonic regime, the
et perturbation speed gradually increases while the sonic speed
ecreases as the temperature decreases. At the sonic point, the inward
ropagation ceases to propagate because the backward propagation
s carried back by the outward flow and the perturbation can steepen
o form a standing wave. 

As discussed in Section 3.1 , both the velocity and temperature have
o increase across the standing structure. The outward perturbation
s able to continuously propagate outward beyond the sonic point but
annot form a standing structure. Ho we ver, as discussed in Section
.2 , enhanced dissipation of the heat flux takes place in the sonic
ransition leading to a higher do wnstream flo w speed and higher
emperature which is proportional to the square of the propagation
peed. Further out from the discontinuity, the flow speed continues
ncreasing while the temperature and hence the sonic speed decrease.
 standing discontinuity is then formed to separate the parameter

egimes of subsonic and supersonic winds. 
A stable discontinuity structure requires the process that forms

t to be irreversible; otherwise, it will dissolve or disperse easily
ven after it is formed. Since a process with increasing entropy is
rreversible, often an increasing entropy, instead of irreversibility, is
sed as a proxy for a stable discontinuity/shock jump condition. We
NRAS 540, 2975–2990 (2025) 
hen analyse the change in the entropy. In an ideal gas, with added
eat from the dissipation of the heat flux −� q r , the entropy change
s 

S = −� q r /T (25) 

Combining equations ( 24 ) and ( 25 ), at the sonic transition, yields 

S = 

[ (
�V 

c 1 

)2 

+ 5 
�T 

T 1 

] 

k F s 

(
r s 

r 1 

)2 

(26) 

With the accelerated flow � V > 0 and the increased temperature
 T > 0, the entropy increases � S > 0 across the discontinuity.
herefore, the processes that form the discontinuity are irreversible,
nd the structure of the discontinuity is stable. The stable discon-
inuity appears to be a rarefaction, which invalidates the o v ergen-
ralized conception that rarefaction jumps are inadmissible in the
ankine–Hugoniot conditions. This is not because the Rankine–
ugoniot condition failed but because the generalization of it from
 specific situation to a more complicated situation is not valid. In
ur more complicated situation, there is conduction heat flux that
s discontinuous across the discontinuity. There is substantial heat
eleased within the discontinuity due to the strong dissipation of the
eat flux. 

.  SUPERSONIC  W I N D  S O L U T I O N S  

he supersonic stellar wind temperature and velocity profiles start
rom the inner boundary conditions at the top of the transition region,
ssumed to be at r 0 = 1 r s , see Appendix A and Song et al. ( 2023 ).
e assume that the ad hoc heating function is a normal distribution

entered at 2 r s , with a half-width of 0.15 r s . Abo v e 2.5 r s , the
eating source, Q ≈ C ≈ 0, and the (integrated) total heating reaches
ts maximum value H r = H m 

. The solutions are derived directly
rom equations ( 13 ) and ( 20 ). Fig. 2 shows solutions for five initial
elocities, V 0 , at the inner boundary with other parameters, such as
he temperature T 0 at r 0 (Song et al. 2023 ), heating rate H m 

, density
 s , and eigenspeed V e , held fixed. 
We have tested several standard algorithms to solve these two

elatively simple coupled ordinary differential equations, and the
esults are consistent, repeatable, and unambiguous. The location
nd the energy of the flow are affected by the inner boundary
onditions, V 0 , V e , and F s , and by the location, width, and magnitude
f the heating source Q . We have also tested different spatial step
engths. The step length shown in Fig. 2 is 60 km. For the cases with
nitial speeds greater than the eigenspeed, V 0 > V e , the results all
nambiguously show that the calculation stops at the sonic point. No
olution can be found further in contrast to those solid line segments
bo v e the dashed line in Fig. 1 . As discussed in subsection 2.3 ,
he supersonic segment of the solutions in region between A–r e–C
n Fig. 1 can be obtained only when the inner boundary speed is
upersonic, V 0 > c 0 , not shown because they are not derived from
he subsonic inner boundary speed and, hence, is unphysical. 

When the step length is large, for example, a fraction of a stellar
adius, corresponding to the commonly used step length in global
orona-wind models, and when R is not ne gativ ely v ery large, the
alculation is able to jump o v er the singularity at the sonic speed,
he dashed line in Fig. 1 , producing a small bump around the critical
oint. Ho we ver, we do not show these results because we think the
ownstream solutions result from large numerical dissipations. 
The solid (dashed) black line in Fig. 2 shows the flow speed

sonic speed) for the critical/eigenfunction solution, V 0 = V e . It is
orth mentioning that to derive the critical solution, V e has to be
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Figure 2. Illustration of stellar wind solutions from this study in the same format as Fig. 1 with the same density N 0 = N e and F se at the top of the transition 
region r 0 = 1 r s and total heating rate H m 

, given above the frame. (a) from r 0 to 8.2 r s , and (b) zoom-in around the sonic transition. The black, dark blue, and 
purple dashed lines show the sonic speeds. The black solid line shows the conventional critical stellar wind solution. Red lines (green lines) show two supersonic 
(subsonic) stellar wind solutions for coronal base speeds greater (smaller) than the eigenspeed V e , given above the frame. 
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xtremely accurate – down to the 11th digit, which may be correlated 
o the spatial resolution, 10 −4 r s , used in the calculation. If starting
rom the critical point and tracing back to the coronal base as many
revious studies did, one would not encounter this issue. Otherwise, 
he solution is either subsonic or stops at the sonic speed. Therefore,
he results are consistent with Parker’s theory. Strictly speaking, the 
nly difference is the missing supersonic segment between the sonic 
ine and line C–r c in Fig. 1 . Ho we ver, it also implies that Parker’s
ritical solution may not be able to provide a meaningful amount of
upersonic wind without substantial physical or artificial dissipation. 
f the spatial resolution is low, on the other hand, say, 0.1 r s , the
equired accuracy of the critical point condition would not be as
cute, and the solutions could step o v er the critical point with some
uctuations or a small bump around the critical point. 
We are interested mostly in the supersonic winds. Winds with 

reater initial speeds, V 0 > V e , shown by solid and dashed red lines,
each sonic speeds, blue and yellow dashed lines, respectively, star- 
ard of the critical distance r c . The solution stops at r 1 where the

onic point, L = 0, is encountered while R < 0, as shown in the
hird scenario in Table 1 where the first expression of equation 
 20 ) encounters the singularity. Ho we v er, the second e xpression of
quation ( 20 ) is valid at the singularity. A discontinuity is needed
o connect with the solution downstream of the sonic point. The 
uantities from the upstream, including R 1 , are used to determine the
o wnstream v alues using equations ( 22 ) and ( 23 ) assuming R’ 1 = 0 + 

nd L’ 1 = 0 + . Equations ( 13 ) and ( 15 ) are then used to calculate the
emperature and velocity profiles further out. 

Parker’s critical solution and the subsonic solutions correspond 
nly to situations for R 1 ≥ 0 at the critical distance. The solutions
re shown by the green and black lines in Fig. 2 . For the subsonic
olutions (green lines), the solutions diverge rapidly before encoun- 
ering the critical point when the initial speed is merely slightly
maller (1 per cent) than the eigenspeed. In the subsonic solutions,
he total heat flux, which is the heat flux o v er the whole 4 π sphere,
ominates the energy flux and eventually reaches an asymptote so 
hat the kinetic energy and the enthalpy decrease to provide energy 
o counter the gravitational potential energy. 

The jump condition relations in equations ( 22 ) and ( 23 ) only
elate the upstream to downstream flow conditions of a discontinuity, 
ut the discontinuity does not necessarily result in a supersonic 
o wnstream flo w. The supersonic solution is guaranteed by the 
eating flux dissipation. From equation ( 13 ) d T /d r < 0, R’ will
F

ncrease to R’ > 0. With the decrease of sonic speed, L increases to
ecome positive, L’ > 0, and then from equation ( 15 ), d V /d r > 0,
orming the supersonic wind. 

In Fig. 2 , the critical condition R = 0 with different inner boundary
peeds can be seen by connecting the second kink of the red lines with
he critical point r c . The most important feature shown in Fig. 2 is
hat most of the supersonic winds, e.g. solid and dashed red lines, are
ormed by solutions without going through the critical point where 
olid and dashed black lines cross. Therefore, the critical solution, 
he black line, marks the boundary between two parameter regimes 
ut does not play an essential role in forming the supersonic sonic
inds that were assumed by the conventional theory. 

.  DI SCUSSI ON  

.1. Physical description of the formation of a supersonic 
tellar wind 

he physical processes learned from the analysis presented in this 
tudy are as follows. 

In the simple example of a vertical flux tube, an isotropic fluid is
riven by two opposite forces: the upward pressure gradient force and
ownward gravitational force. The pressure gradient force has two 
ontributors, the temperature gradient, and the density gradient. If 
he flow is compressible, the density gradient results in an opposite
ow velocity gradient and a geometric effect associated with the 
xpansion in the cross-section area of the flux tube. The momentum
quation, combined with the continuity equation, can be written as 

N 

V d V 

d r 
= mN 

c 2 

V 

d V 

d r 
+ mNR (27) 

here R , defined in equations ( 17 ) or ( 18 ), can now be understood
s the ef fecti ve dri ving force including the temperature gradient
orce, gravity, and the expansion effect. The first term on the right
f equation ( 27 ) is due to the effect of the density gradient. Since
he formation of the supersonic winds is essentially a process which
ncreases the kinetic energy, it is clearer to express equation ( 27 ) in
erms of the change in the kinetic energy flux on the left and the work
one on the right, by multiplying equation ( 27 ) by V 

 

d 
(

m V 2 

2 

)
d r 

= F 

c 2 

V 

2 

d 
(

m V 2 

2 

)
d r 

+ mF R (28) 
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here F = NV is the number flux. The first term on the right is due
o the density decrease which accelerates the flow. Where R < 0,
he ef fecti ve dri ving force R does negati ve work to slo w do wn the
xpansion of the flow. When R > 0, on the other hand, the ef fecti ve
riving force does work to accelerate the flow in addition to the
xpansional effect of the density decrease. Therefore, the real flow
cceleration starts when R = 0, which is the critical condition. 

Physically, if the outgoing stellar wind starts with a greater
nitial speed and reaches sonic speed before reaching the critical
ondition R = 0, the wind cannot flow faster than the sonic speed.
 discontinuity can accomplish the task by making the downstream

egion satisfy the critical condition for the supersonic stellar wind to
orm. Therefore, the eigenfunction in Parker’s stellar wind theory is
ctually the boundary separating the stellar winds that can reach the
upersonic condition from those that cannot at the transition region.
 higher outgoing speed results in a higher wind speed. For speeds

ess than that of the eigenfunction, the fluid flows more slowly and
orms a subsonic wind. 

By analogy, in the conventional supersonic stellar wind theory,
he critical point functions more like a security guard who allows
nly the stellar wind with correct IDs, which is the initial speed
 0 at the inner boundary that matches the eigenspeed V e , to pass.
umerical tests have shown that the correct ID match has to be exact
p to 11 digits which can occur only in an extremely small range,
10 −9 per cent, depending on the spatial resolution and numerical

if fusi ve/viscous ef fects. If not matched, the output is either subsonic
olutions (pass to slow lanes) or no solution (no pass). This is in
upport of Chamberlain’s dispute ( 1961 ). 

.2. Critical point and eigenfunction solution 

onventional supersonic stellar wind theory has been based on the
ssumption that the singularity in the evolution equation ( 14 ) is
emovable by restricting the inner boundary condition of the system.
o we ver, this restriction is so strong that no significant flux of

upersonic wind can be produced. Furthermore, a more serious
ssue is that the inner boundary condition is derived ‘in reverse’ by
equiring knowledge of downstream conditions. That is, the required
elocity at the inner boundary is mapped back from the critical point
everal stellar radii away along the eigenfunction, i.e. line A–B in
ig. 1 . If the initial velocity cannot satisfy the critical condition at

he sonic point, the wind either cannot form physically or has to be
ubsonic as discussed in Section 2.3 and shown in Fig. 1 . The most
roblematic conclusion is in the former case – if in reality the initial
peed is greater than the eigenspeed, there would be no stellar wind
solution), neither supersonic nor subsonic! One may feel that the
rgument seems problematic or ‘abductive’. Actually, as discussed
n Section 5.5 and Appendix D, it is known as abductive reasoning. 

By contrast, in our model, the outflowing flux of corona/wind
s determined in the transition region (assumed to be the stellar
urface r 0 = r s ), F s = N 0 V 0 . The wind then flows out without
uch pre-knowledge about the existence of the critical point. T 0 

s determined by the first impact ionization potential (Song et al.
023 ), but V 0 cannot be determined without knowing the outflowing
ux and density at r 0 . Therefore, there is a potential mismatch
etween V 0 and the eigenspeed V e , a situation when the conventional
heory eliminates possible wind solutions when V 0 > V e using the
unphysical’ argument. Under this condition, because L = 0 and
 < 0, the conventional momentum equation ( 15 ) is not able to
escribe the process. We have rewritten the momentum equation as
quation ( 20 ) by defining the condition at the singularity with the
onic condition R = 0 while allowing a discontinuity to connect the
NRAS 540, 2975–2990 (2025) 
wo regimes of solutions. Parker’s critical point condition, R = 0
hen L = 0, allows only a continuous solution which is only one of

he possible solutions to the singularity issue which is valid in a very
mall parameter range, i.e. it is a singular solution. In the present
odel, a large range of possible velocities at the inner boundary may

e able to pass through the sonic condition and become a supersonic
ind as shown in Fig. 2 . 
Stellar atmospheric processes and conditions should determine

he properties and locations of the sonic point and critical condition
nd not be determined by the downstream requirement. What is not
pparent in equation ( 14 ) in conventional theory is the absence of the
ass flux or density. Although density N 0 can be given at the inner

oundary according to mass conservation, the density does not affect
he eigenfunction solution in conventional theory. Parker included
he density later in his series of investigations. When including the
eat flux, he concluded that there is a critical or eigen density N B 

hich may determine whether the wind is supersonic or subsonic
Parker 1965a ). That is, when N 0 < N B ( N 0 > N B ), the wind will
e supersonic (subsonic). His conclusion is qualitatively consistent
ith our critical condition scenario in Table 1 since for a given initial
ux F s , a lower density results in a higher speed. 
The present model is based on the thermal conduction formalism

nd is characteristically different from many stellar wind models
hat make either an isothermal or polytropic assumption to simplify
he energy equation (e.g. Parker 1958 ; Velli et al. 1994 , 2001 ;
hergelashvili et al. 2020 ) although the conductive energy equation
as been used in the formation of the stellar wind theory since Parker
 1964b ). Here, we should point out that the energy conservation
quation ( 11 ) holds at any reference point abo v e the transition region
hen the fluid is fully ionized. F or e xample, the reference point can be

et abo v e the heating sources. In this case, although there is no activ e
eating, the total heating H 0 = H m 

in equation ( 11 ) can be non-zero.
n fact, we believe that implicitly dropping H m 

, which represents
he heating around the coronal base, in the energy conservation may
ave led to the energy problem, according to which conventional
olar wind models predict lower energy at 1au than observed (Holzer
977 ; Hundhausen 1972 ). 
There is an argument held among the global simulation community

hat if a magnetic field exists in stellar wind, the transonic problem
iscussed here does not exist. Unless the sonic transition occurs in
he region of active reconnection, the magnetic effect will in principle

odify the present theory by replacing sonic speed with the magnetic
onic speed with transverse magnetic field, c ms 

2 = c 2 + c At 
2 , and

ence the sonic point becomes the magnetosonic point. If the
agnetosonic speed is much greater than the sonic speed, the sonic

ransition may be referred to as the Alfv ́en transition (Wexler et al.
021 ). Therefore, an important conclusion drawn here is that the
resence of the magnetic field in the stellar wind cannot remo v e
he singularity at the sonic transition. Similarly, the numerical
imulationalists often argue that 3-dimensionality may help remo v e
he critical point. They should carefully investigate the possibility
nd pro v e it is indeed the case. 

There is also an argument that trivializes the critical point issue
tudied in this work. It argues that Parker’s theory was meant
o be a ‘toy’ and should not be taken seriously. When there are
any effects, such as turbulence, reconnection, time-dependence, 3D

ffects, electromagnetic fields, one argues, the critical point would
ever occur in reality. This argument is not based on sound physical
easoning and proof but is an unscientific speculation. Parker’s theory
as based on a careful order analysis to neglect the secondary effects.
 or e xample, when the background magnetic field is mostly radial,

he magnetic force is negligibly small along the radial direction; near
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he sonic transition, to the lowest order, flow is radially outward; and
he time dependence, to be formally discussed in the next subsection, 
nly decelerates the flow with time around the sonic transition. There 
as been no proposed physical process that can dominate gravity 
nd pressure expansion at the sonic transition, as Parker originally 
dentified, other than substantial numerical diffusion. A secondary 
ffect in general cannot determine the o v erall characteristics of
he solution other than secondary modifications. Therefore, this 
rgument needs to first identify the effects, in mathematical terms, 
hat are of the same order of magnitude as those in equation ( 14 ) and
hen falsify Parker’s wind evolution equation, but neither of which 
as been done. 

Nevertheless, let us analyse the consequences of the effects given 
n the abo v e argument by assuming an effect that is indeed too
arge to be ignored. There are three types of possible consequences. 
irst, this (additional) effect will affect the perturbation propagation. 
herefore, this effect will end up on the left-hand-side of equation 
 14 ) to modify the dispersion relation and hence the sonic speed
o a different or to multiple characteristic speeds. For example, the 
nclusion of the background magnetic field may result in three wave 
odes (e.g. Weber and David, 1967 ). At a transition point of these

haracteristic speeds, the left-hand-side of the equation ( 14 ) goes to
ero as we have analysed in this study . Secondly , the effect produces
dditional acceleration or deceleration, such as the non-1D geometry 
f the background magnetic field as discussed by Holzer and Leer 
 1980 ) and Leer and Holzer ( 1980 ). This effect will then become
 term on the right-hand-side of equation ( 14 ) and hence can be
ncluded in R . Thirdly, the effect can generate additional heating 
r cooling, such as turbulence, reconnection, and all wave heating 
echanisms. In the regions far away from the heating processes 

ear the sonic transition, the effect is already then included in the
otal heating rate H and then in d T /d r by equation ( 12 ) to become a
ontributor to R . Combining these possible consequences, it is clear 
hat at a trans-characteristic speed point, when the left-hand-side of 
quation ( 14 ) is zero, but R is not necessarily equal to zero. This is
he critical point problem studied in this work at the characteristic 
peed transition point when L = 0 but R �= 0, i.e. equation ( 15 )
annot hold at the trans-characteristic speed point. If the effect is
ignificant at the characteristic-transition point, it would broaden the 
iscontinuity, of which a detailed treatment is beyond the scope of this 
tudy. 

.3. Time-dependent effects and spatial oscillation solutions 

t has been argued that in a non-steady state process, there is no
ritical point (e.g. Parker, 1965b ; Suess, 1982 ; Velli, 1994 , 2001 ;
olzer and Leer, 1997 ; Keto, 2020 ) because the critical point may
ot be stable. Although the time-dependent theory of the supersonic 
ind formation deserves several full-length-papers to study, the time- 
ependent effect alone may not be able to remo v e the single point
nd produce supersonic winds when V 0 > V e . 

In this subsection, we focus on the situation for an initial speed
reater than the eigenspeed when Parker’s theory does not provide a 
olution, i.e. R < 0 at the sonic transition. This is a different problem
rom the instability of the critical point theory because in our problem
he critical point condition R = 0 is not involved. As seen in Fig. 2 ,
he red dashed line does not reach the critical point when the solution
tops. A more accurate way to state our problem is about the stability
f the transonic point, not about the critical point. This is where the
rgument about the stability of the critical point is confused in the
rst place. 
i  
The time dependent continuity equation and momentum equation 
re provided in equations ( B1 ) and ( B2 ) in Appendix B . Combining
he two we have (

∂V 

∂t 
− c 2 

V 

∂N 

N∂t 

)
+ L 

∂V 

∂r 
= R (29) 

The temporal perturbations in either density and/or velocity in 
he ideal gas will be mitigated by sonic wav es. F or coherent sonic
erturbations, the velocity and density are related by the perturbation 
elation equation ( B4 ) in Appendix B . Substituting equation ( B6 ) into
29) yields (

1 ∓ c 2 

V 

2 

)
∂V 

∂t 
+ L 

∂V 

∂r 
= R (30) 

here the upper (lower) sign is for forward (backward) propagating 
erturbation. At the sonic point L = 0 and the value in the parentheses
s either 0 or 2 which is non-ne gativ e. F or R < 0, we have either
 V / ∂ t = R/ 2 < 0 or ∂ V / ∂ t = −∞ . Namely, at the transonic speed the
ow speed cannot increase with time and the supersonic condition 
annot be reached or maintained. Therefore, we conclude that the 
ransonic point (not critical point) is stable to temporal fluctuations. 

e note that when R = 0, ∂ V / ∂ t is undetermined and hence the
ritical point may or may not be stable. 

Here, we recall that the conventional instability analysis studies 
hether an equilibrium is stable or not and an instability analysis is
eaningless if no equilibrium can be found. Therefore, the analysis 
ust start with an equilibrium. Ho we ver, in the situation of interest,

or V 0 > V e , equation ( 15 ) does not provide such an equilibrium
ecause R < 0. Therefore, the method of the instability analysis on
he critical point reported before is not valid and cannot contribute
o addressing the problem that little supersonic stellar wind can be
roduced in the conventional theory even if the critical point is indeed
nstable. There is widespread confusion in the community about the 
nstability analysis of the critical point. 

In numerical solutions of the transonic models, spatial oscillations 
re often found starting at the sonic point. These spatial oscillations,
n contrast to temporal oscillations, can be understood as follows. We
tart with a subsonic flow from the star with L < 0 and R < 0. From
quation ( 13 ), in the region where the heating rate H is sufficiently
arge in order to produce supersonic winds from the corona (the inner
rackets in the second expression), T decreases. Before L reaches 
ero, from equation ( 15 ), d V /d r > 0, so that the flow accelerates
o reach L = 0. When the flow speed crosses the sonic point at r 1 
nd becomes supersonic, from equation (16), L > 0. If R remains
e gativ e, equation ( 15 ) then requires d V /d r < 0, so that the flow
ecelerates to become subsonic. Then, since L < 0, d V /d r > 0,
nd the subsonic flow will accelerate to become supersonic again. 
he same acceleration–deceleration-then-acceleration–deceleration 
rocess repeats. In general, this situation thus results in a flow speed
hat spatially oscillates around the sonic speed. This pattern is similar
o that shown in fig. 3(d) of Holzer ( 1977 ) which presented one
ycle of oscillations. The sonic point L = 0 in the present model is
qui v alent to his first saddle point and the critical condition R = 0
qui v alent to the second saddle point. Ho we v er, the wav elength of
patial oscillation would depend on the resolution of a numerical 
olution. We should point out that without invoking artificial dissi- 
ation, the oscillations cannot be damped. A finer resolution would 
esult in more oscillations until the second saddle point, R = 0, is
eached. 

Rather than explicitly considering the situation in which the veloc- 
ty oscillates about sonic speed, one may idealize and approximate 
t as a ‘sonic layer’ through which V = c . Within this layer, the
MNRAS 540, 2975–2990 (2025) 
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omentum equation ( 15 ) is then replaced by V = c because equation
 15 ) can no longer describe the situation at L = 0 if R < 0, a
ituation that can occur in reality. Numerical tests have shown that
he sonic layer approximation can produce good results in which the

omentum across the sonic transition is conserved up to ∼10 −5 of
he net momentum. Ho we ver, this approach, although pro viding v ery
ood results, may be considered only as an approximation because
ne may not be able to pro v e that the solution within the sonic layer
atisfies the momentum equation. 

.4. Inevitability of unremo v able singularity 

he proposed discontinuity is needed when the singularity at the
onic point in equation ( 14 ) is not removable. One may challenge our
odel by arguing that the singularity may be al w ays remo vable. F or
 xample, the y argue that if neglecting dissipation, and assuming the
ow is subsonic at the base, there are only 2 outcoming characteristics

nto the system, a sound wave and an entrop y w ave. Therefore,
nly two boundary conditions may be imposed, either density N and
emperature T , or velocity V and temperature T , or density N and
elocity V . The system will then relax to a stationary state. Now
he physically reasonable conditions to impose are N and T in the
hromosphere. V will therefore adapt itself to go into the Park er-lik e
ritical solution automatically. If we impose N and V , on the other
and, then T will adjust to create the critical solution. 
Let us first consider the simple isothermal system analysed in

arker’s original proposal, without the energy equation, with two
nner boundary conditions for N and V . One can indeed find solutions
or V as a function of r . Ho we ver, the solution may stop at the
onic point depending on whether the critical condition R = 0
an be reached or not exactly at this point. Ho we ver, this depends
n the temperature T , an unspecified yet. If T is smaller than a
ertain value so that R < 0, no supersonic solution can be found.
imilarly in other possible inner boundary conditions as described
bo v e. Therefore, the abo v e argument is not true. Theoretically,
he argument o v erlooked the possibility that there are two, not
ne, sound waves, one propagating forward and one backward as
hown in Appendix B . As discussed in Section 3.3 , the key agent
n forming the discontinuity is the backward sonic wave that the
rgument o v erlooked. The most important ingredient in our model
s the ‘dissipation’ of the heat flux. With the dissipation, the energy
onservation equation has to be included. We, therefore, have three
ependent variables and three equations so that the temperature
annot be ‘adjusted’ at one’s wish. We recall that if one employs an
sothermal or polytropic assumption, T is no longer a real dependent
ariable but a function of N . With three dependent variables, it is more
bvious that one cannot guarantee a continuous sonic transition as
iscussed in the text around equation ( 19 ). This is the central issue
f our model. 
The conventional stellar wind theory has been based on a critical

oint in the evolution equation at the transonic speed. For continuous
olutions, the separatrices from the critical point separate different
egimes of solution. One of the two separatrices, the eigenfunction,
s able to connect the subsonic coronal base speed to the supersonic
olution with smooth transit through the critical point and with the
ressure going to zero at infinity. One may take issue with discussions
n technical/mathematical grounds, but our question here is about
he nature of the reasoning employed to reach conclusions. The
onventional theory reasons that, according to the mathematical
nalysis, because only this eigenfunction can provide a solution
panning from subsonic to supersonic conditions, and the solar wind
s observed to be supersonic while originating from the subsonic
NRAS 540, 2975–2990 (2025) 
orona, (a) the solar wind must pass through the critical point along
he eigenfunction from the coronal base, (b) all other solutions do
ot describe reality or are unphysical, and (c) the analysis must
herefore be valid and correct. This reasoning seems very suspicious
nd potentially flawed because it draws three conclusions based on
ne observed fact and one analytical result, similar to being able to
erive 3 unknowns from two equations. 
This reasoning is called ‘abductive’ reasoning and is known to be

otentially flawed and unscientific (Song, 2022 ). It is true that the
onv entional theory pro v ed ‘a’ possible solution for the formation
f a supersonic stellar wind which is observed. Ho we ver, it has not
ispro v ed other possibilities while abductively eliminated/excluded
hem. The conclusion that the conventional theory has been proven
bservationally rejects other possibility of higher initial velocities at
he inner boundary. In fact, the observed supersonic solar wind may
ot be significantly produced according to the critical condition along
 smooth eigenfunction in most common situations as we discussed
n the paper. 

Furthermore, the conventional theory proved the existence of
wo separatrices only for the isothermal case and ‘generalized’
t to more general situations. It has not been shown for a more
eneral temperature profile. As we have shown in our study, this
eneralization may not be valid because the segment of a separatrix
rom point C to the critical point in Fig. 1 may not exist under
ore general conditions, e.g. with heat conduction. Stellar winds are

ormed by processes in the photosphere, chromosphere, transition
egion, and lower corona, which are less likely to be controlled by
he requirement at the critical point along a smooth eigenfunction. 

Of course, our model is only a possible solution and cannot exclude
ther possibilities. 

.5. Obser v ation 

n this preliminary stage of model development, it may be too early
or us to predict quantitatively the observational differences between
he present model and the conventional one using currently available
bserv ations. Ne vertheless, we may discuss conceptually and semi-
uantitatively the observational differences between the two models.
Conceptually, let us assume that with the same solar/stellar wind

ensity and temperature, the initial velocity, V 0 , has a range of
ossible values. Both models would predict that when V 0 < V e ,
he solar/stellar wind is subsonic. The conventional model predicts
hat all supersonic solar/stellar winds arise with V 0 = V e , while
peeds with V 0 > V e cannot go through the sonic point (because no
ingle-valued mathematical solution can be found). Accordingly, a
upersonic solar/stellar wind cannot form easily because most often
he theory does not allow a solution. If there is a finite range of
istribution in the speed at the inner boundary, only a small amount
f the flux will be able to get through. Consequently, a supersonic
olar/stellar wind may be observed either only occasionally or with
 xtremely small av erage flux es. By contrast, in the present model,
ll flow speeds with V 0 ≥ V e can become supersonic solar/stellar
ind. If the initial speed is greater, both the solar/stellar wind speed

nd the temperature are higher. Therefore, supersonic winds can be
ontinuously observed most of the time with large fluxes and a range
f variable speeds, temperatures, and densities, as shown in Fig. 2 .
omparing red/blue/orange lines with black lines on the right side of
ig. 2 , the wind temperature, velocity, and Mach number predicted
y the present model may also tend to be higher than that of Parker’s
odel for the same coronal temperature and Parker’s eigenfunction

hould correspond to the lower bound of the wind speed. In principle
he solar wind ‘energy problem’ can be resolved. 
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Recent observational reports from the Parker Solar Probe (Raouafi
t al 2023 ) suggest that although the solar wind speed has a large
ange variability, there is a possible lower bound for the supersonic 
olar wind speed as a function of the radial distance. Furthermore, 
his lower bound has a shape and value similar to that of Parker’s
igenfunction. This observation may be interpreted as to be consistent 
ith the conventional theory; the lower bound may indicate the lower 

imit of the coronal base temperature, and the range of the velocities
bo v e the bound may be explained by the temperature fluctuations
n the coronal base. Indeed, if both the temperature and velocity both
uctuate at the coronal base, the solar wind at Parker Solar Probe
rbits can be observed with temperature and velocity fluctuations. 
o we ver, according to the conventional theory, at a given time only,
 small fraction of the flux and time has the velocity that matches the
equired critical condition. Therefore, the observed flux should be 
ntermittently and on average much smaller than that available at the 
oronal base and there should be periods of time when the supersonic
olar wind is absent. 

By contrast, our model would interpret the observed range of 
he velocity and temperature result from the varying heating rate 
n the corona and chromosphere and the lower bound results from
he energy bound required for supersonic solar wind described by 
arker’s eigenfunction. 
Semi-quantitati vely, as sho wn in Fig. 2 , the increases in tempera-

ure and velocity at the discontinuity are not as dramatic as the bow
hock which is about a factor of 2 to 4. F or e xample, in Fig. 2 , a small
nitial speed abo v e the eigenspeed of, say, 10 per cent, may produce
 jump of 5 per cent in the sonic speed and 10 per cent in temperature
ump. From equation ( 8 ), this 50 per cent enthalpy gain plus the
0 per cent gain in kinetic energy is eventually mostly converted 
o the solar kinetic energy gain, translating to 30 per cent increase
n velocity. The net speed gain in Fig. 2 at 6.5 r s is already about
0 per cent. Therefore, the discontinuity ef fecti vely amplifies the 
ncrease of velocity. This is consistent with the commonly observed 
olar wind properties – the solar wind velocity fluctuation is often 
reater than the temperature fluctuation. Maruca et al. () have shown 
ith a large data base o v er the entire supersonic solar wind domain

hat the solar wind temperature fluctuation is about 5 per cent and the
elocity fluctuation is about 45 per cent. Given the observations were 
ade by a long range of distances with many different phenomena 

rom different satellites, it is fair to say that a significant part of the
uctuations in the velocity is produced by the fluctuations in the 
ource of the solar wind and the heating rate in the coronal base. 

Quantitati vely, ho we ver, the small temperature and velocity 
hanges at the sonic transition may be difficult to observe remotely by 
he coronagraphs. The in-situ observation around the sonic transition 
nd critical point, say ∼ 5 r s , is needed to observe these 10–20 per cent
hanges. Such observations are not available yet because the closest 
istance of Parker Solar Orbiter’s has been at more than 10 r s . It is
f great interest to have in situ measurements. 
For coronagraph observations, of which the brightness may be 

roportional to the density, the proposed discontinuity at the sonic 
ransition may be observed as a drop in brightness because both the
peed and temperature increase across the discontinuity. 

.6. Comments on Shergelashvili et al. and Westrich et al. 
odels 

ecently, Shergelashvili et al. ( 2020 ) and Westrich et al. ( 2024 ) also
ade attempts to remo v e the singularity by invoking a discontinuity

t the critical point in order to derive supersonic solutions that 
re consistent with observations around the solar surface and at 
 au. Their momentum and energy equations are different from 

urs. Noting that as discussed in equation ( 20 ), the momentum
quation needs two expressions and in general the single expression 
 14 ), which is the momentum equation of the Shergelashvili et
l. ( 2020 ) and Westrich et al. ( 2024 ) models, becomes invalid at
he upstream of the discontinuity . More importantly , their energy
quation describes adiabatic or polytropic processes with a heating 
ource at the discontinuity. Both models require adjustable heating 
ources in the middle of the region of concern. The amount of the
eating is adjusted and constrained empirically from at the solar 
urface and 1 au. 

Quantitatively, Shergelashvili et al. ( 2020 ) predicts that, in their
ig. 1 at the sonic transition, the velocity increases by about 50

imes, the temperature increases by about 4000 times and the density
ecreases by about 50 times. Furthermore, they predict that the 
emperature drops to 1000 K at the upstream boundary of the sonic
ransition. With such low temperature, the gases would recombine to 
eutrals and need to be reheated and re-ionized in similar processes in
he chromosphere and transition region but within the discontinuity. 

.  C O N C L U S I O N S  

o describe the stellar wind, the evolution of the momentum equation
as a singularity at the sonic point where the flow speed equals the
onic speed. In the conventional stellar wind theory, the supersonic 
tellar wind solution is based on a continuous solution, which requires 
he critical condition to be satisfied at the sonic point in order to
emo v e the singularity with a continuous function. Ho we ver, the
ritical condition and sonic point are in general two independent 
onditions. We demonstrate that except in extremely rare situations, 
he two conditions do not occur at the same point and the singularity
t the sonic point is not al w ays removable with a continuous function.
his is because the critical condition is determined by the upstream
onditions for the formation of the stellar wind, i.e. the ionization
rocess that determines the mass flux of the stellar wind and the
eating processes around the coronal base that determine the total 
nergy of the solar/stellar wind. Therefore, the conventional stellar 
ind theory needs fundamental modification or reformulation. 
We then revisited the conventional stellar wind theory, especially 

ts line of reasoning. In the conventional stellar wind theory, the
equirement for the two conditions to be satisfied at the same point
unctions more like an ID checkpoint at the sonic point. The problem
s that the check is not about the plasma parameters locally at the
onic point but about the initial velocity at the inner boundary of
any stellar radii upstream. By analogy, the ID check is not about

he characteristics of the person who is passing the gate but about
hat of their parents or grandparents. Specifically, if the initial speed
s greater than the eigenspeed, according to the conventional theory, 
he flow is not allowed to pass through the checkpoint with no option
f how to go further, the most problematic conclusion of all. We
uestioned whether the initial speed at the inner boundary should 
e quantitatively checked at the critical point as the condition for
ormation of the supersonic stellar wind. Although the properties of 
he flow close to the sonic point may be influenced and modified by
he existence of the transonic condition, there should be no question
hat the flow will pass across the sonic distance either supersonically
r subsonically. That no physical solution can be found only means
he solution has not been found yet and should not be used as proof
hat there is no solution. Whether the initial speed at the inner
oundary is greater than the eigenspeed or not should not change
he answer to whether flow from the corona will go forward. 
MNRAS 540, 2975–2990 (2025) 
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With the insight gained from the processes forming the tran-
ition region (Song et al. 2023 ), the stellar wind plasma flux is
ontrolled primarily by ionization of the neutral particles from the
hromosphere o v er the transition re gion with the energy primarily
rom the dissipation of the downward heat flux produced from
eating in the coronal base. Therefore, the stellar wind flux is not
etermined by the critical point condition. When the flow properties
re determined by the processes well upstream in the chromosphere,
he singularity cannot be remo v ed, and the singular solution provided
y the conventional theory is not valid. The inability to find a
olution under these conditions when the initial speed is greater than
he eigenspeed cannot be used to prevent these possible physical
onditions from occurring. It may be interpreted as a failure of the
xpression of the momentum equation ( 14 ) at the singular point.
fter examination of the stellar wind evolution equation ( 14 ), we

ound that in the range of inner boundary conditions when the
onventional theory fails to provide a supersonic wind solution or
ny kind of solution, the evolution equation itself becomes invalid
ecause it requires a variable of ne gativ e values to be equal to
ero. To resolve the dilemma, we rewrite the equation with two
xpressions, equation ( 20 ), one for the sonic transition and one for
verywhere else. The solution of such an equation in general has two
egments which may be connected by a discontinuity in the fluid
reatment. In this new treatment, the singularity issue is addressed
ompletely. After investigating possible instabilities, possible sonic
ayer, and time-dependence effects at the critical point, we validated
he discontinuous solution. 

In our model, the stellar wind energy flux is determined by
he heating processes in the corona, and the stellar wind flux is
etermined by the ionization process from the transition region. The
oronal base temperature is a characteristic measure of energy. When
ncountering the sonic point, depending on the flux and energy, the
tellar wind will become either supersonic or subsonic, as predicted
y the conventional theory. Ho we ver, only a negligibly small fraction
ay pass smoothly across the sonic point along the eigenfunction

ine A–B in Fig. 1 as described by the conventional theory, and
ost stellar wind will pass through a discontinuity at the sonic

oint to gain enough energy becoming supersonic without going
hrough the critical point as shown in Fig. 2 , a possibility that has
ot been considered in the conventional theory. The eigenfunction in
he conventional theory is actually the separation line between the
upersonic and subsonic wind regimes and it is not the sole source
or all supersonic solar/stellar wind. The sonic transition problem
as not drawn much attention from large-scale numerical modeling,
ost likely because of the coarse spatial resolution. When the spatial

esolution is a fraction of a stellar radius, numerical effects may
e large enough to damp the oscillations within the sonic transition
ayer. In comparison, the spatial resolution shown in this study is
0 −4 r s . With the availability of faster computers, the transonic issue
s becoming more and more obvious (e.g. Adhikari et al. 2022 ).
he detailed physical processes within the discontinuity need further

heoretical and numerical investigations. 
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PPEN D IX  A :  F O R M AT I O N  O F  STELLAR  

I N D  PLASMA  FLUX  

ecause the chromospheric density is high and the temperature is low,
ost of the energy from chromospheric heating is lost to radiation 
hen the temperature is below the first impact ionization potential 
f dominant species and the ionization fraction is low. If, on the
ther hand, the heat source is up in the corona, ionization can take
lace more efficiently on the top surface of the chromosphere, i.e. 
he transition region, by dissipation of the downward heat flux in a
rocess similar to sunlight e v aporating a moist land surface. Heating,
onization, and radiative losses in the chromosphere and transition 
e gion hav e been inv estigated (Song and Vasyliunas 2011 ; Song
017 ; Song et al. 2023 ). 
The temperature at the top boundary of the transition region may 

e determined by the first impact ionization potential 	 i of dominant 
pecies there, which corresponds to T ts ∼ 158kK for hydrogen. Based 
n the Song et al. ( 2023 ) model, the transition region is formed from
eakly ionized gas to fully ionized plasma with the heating mostly

rising from conversion of the coronal heat conduction flux and 
ooling from the energy losses due to radiation and ionization. This
s where the ionization fraction increases from 0.5 to 1.0. The net
onized plasma flux is, from equation ( 20 ) of Song et al. ( 2023 ), 

 s = 

−� q ts + ( Q ts − C ts ) � r ts 

0 . 5 	 i + � E ts 
(A1) 

here subscript ts denotes the value at the top boundary of the
ransition region, � r ts is the thickness of the transition region, and
 q ts is conduction flux from the coronal base flowing back into

he transition region. It is a larger fraction of the net coronal base
eating rate and is dissipated to provide the energy for ionization 
n the transition region. A higher heating rate in the coronal base
roduces a greater outgoing wind flux. Q ts is the net heating rate,
 ts is the radiative cooling rate, and � E ts ∼ 5 kT ts is the energization

n the transition region from the chromosphere. To the lowest order, 
he ionized wind energy flux is produced by a small fraction of
he conduction flux from the corona, q ts , but a significant part of
he heat flux is radiated away by C ts . Since the radiative cooling
s approximately proportional to the square of the density, the 
ind flux is, though not e xplicitly e xpressed, a strong function of

he density which is determined by the properties of the star. At
he top of the transition region, i.e. the inner boundary of solar
orona, the density is N ts ∼2.95 × 10 9 cm 

−3 and the velocity is
 ts ∼3.1 × 10 3 cm s −1 , giving the number flux F s ∼ 10 13 cm 

−2 s −1 , in
he same range as the solar wind flux observed at the Earth’s orbit
Hundhausen 1972 ). 

PPEN D IX  B:  P E RTU R BAT I O N  ANALYSIS  

s we noted earlier in Section 1 , when the fluid accelerates or
ecelerates, perturbations within the fluid are generated propagating 
n different directions. These perturbations will interact, either adding 
o each other or canceling out; coherent waves will develop and are
escribed by the dispersion relation, which go v erns the propagation 
peed, and the perturbation relations, which go v erns the perturbations 
mong different physical quantities. Only these coherent waves are of 
nterest to our problem. A steady state flow solution describes these 
oherent waves and is able to accommodate all of the perturbations 
hen the non-coherent perturbations and coherent oscillations are 

v eraged out. F or demonstration purposes, we ne glect the effect of the
agnetic field of which the analysis can be tedious (e.g. Weber and
avid, 1967 ). We start with the time-dependent go v erning equations.
Continuity 

∂N 

∂t 
+ 

∂ 

r 2 ∂r 

(
r 2 NV 

) = 0 (B1) 

Momentum equation (
∂V 

∂t 
+ V 

∂V 

∂r 

)
= −2 

∂p 

∂r 
− ρg (B2) 

In a radial 1D description, if the amplitudes of the perturbations
N and δV are produced in a small radial distance from r to r + δr ,
he density and velocity become N + δN and V + δV . The velocity
nd density perturbations can propagate both radially forward, V + 

, 
V + 

and δN + 

, and backward, V −, δV –, and δN – relative to the flow
peed, where the plus (minus) sign for the forward (backward). 
he net flow velocity is V = V + 

+ V −. The velocities and the
erturbations in general have opposite signs. Noting that when the 
ow is supersonic, the terms forw ard/backw ard becomes ambiguous; 
e will use outw ard/inw ard for propagation relative to the star, in

he supersonic wind, backward propagation is outward. 
Coherent perturbations in each direction are go v erned by the

erturbation relation of the propagation which can be derived from 

he conservation laws at each location with local parameters. The 
ropagating perturbations of the velocity and density in the stellar 
rame of reference can be described by the form e i( ωt−k ±r ) , where the
ubscript upper (lower) sign of k ± relates to the forward (backward) 
ropagations, respectively, relative to the flow. 
Ne xt, we deriv e the perturbation relationship between δN and δV .

arker’s theory, which directly combines the steady state conserva- 
ion laws for a simple single fluid, describes one of the possibilities.
o we ver, it encounters a singularity when the flow speed crosses

he sonic speed as discussed abo v e. Physically, the relationship for
ach propagation has to satisfy the rele v ant conserv ation laws. The
ropagation direction relative to the star depends on the value of
he wav ev ector, k : positiv e (ne gativ e) is for outward (inward). The
nclusion of the frequency is essential because it constrains the 
av ev ector with the propagation speed as well as the perturbation

elations. When neglecting the oscillation factor in a perturbed 
uantity, e i( ωt−k ±r ) , the amplitudes are 

V = δV + 

+ δV − (B3) 

N = δN + 

+ δN − (B4) 

The amplitudes are functions of distance; ho we ver, within δr , they
re assumed constant since δr can be infinitely small when we do not
onsider nonlinear effects or discontinuities. 

From the continuity and momentum equations ( B1 ) and ( B2 ),
hen neglecting the gravity waves, it is easy to derive the dispersion

elation 

 ph ± = 

ω 

k ±
= V ± c (B5) 

here v ph ± is the phase velocity in the frame of reference of the star,
hile the perturbation relation is 

δN ±
N 

= 

δV ±
v ph ± − V 

= ± δV ±
c 

(B6) 

This is consistent with the conventional expectation that in the 
rame of reference at rest with respect to the flow, there are a forward
nd a backward propagating sonic waves. 

We are interested in the transonic process, especially the backward 
ropagating one. At the sonic point, V = c , the backward perturbation
s not propagating, i.e. the phase velocity v ph − = 0 in the frame of
eference of the star. In fact, the singularity in Parker’s theory is
MNRAS 540, 2975–2990 (2025) 
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aused by the backward propagation at the transonic point. The
orward perturbations propagate outward at twice the sound speed in
he frame of reference of the star. They will propagate away quickly.

In the supersonic regime, both forward and backward propagations
re outward with respect to the surface of the star. 

When the effect of the magnetic field cannot be neglected, the
xB force will have to be added to equation ( B2 ) which couples
o Maxwell’s equations. One can show that there exist three wave

odes, the slow, Alfven, and f ast modes and each mode has tw o
forward and backward) propagation directions (e.g. Weber and
avis, 1967 ). As we discussed earlier, three critical points or three

tanding discontinuities do not change the nature of the conclusion
f this study that most supersonic winds are formed without going
hrough the critical points. 

PPENDIX  C :  F O R M AT I O N  O F  A  STANDING  

ISCON TIN U ITY  IN  T H E  FLOW  

rom the discussion in Appendix B , there are man y wav es ev ery-
here propagating either forward or backward and their density
erturbations can be either in phase or antiphase. We now ask a
ifferent question about these perturbations. What perturbation will
tay in a fixed location in the wind and corona with respect to
he star, i.e. a standing structure against the background flow (e.g.
outhwood and Kivelson, 1995 )? In this problem, all time dependent
rocesses in the stellar frame of reference are not important although
he dispersion relation and perturbation relation remain in effect to
onstrain the allowed perturbations as well as the motion speed in
he stellar frame of reference. When the magnetic field is neglected,
ubtracting (1) and (2) from (B1) and (B2) combined with (B5), and
B6) for steady state obtain 

d ( δN + 

) 

Nd r 
+ 

d ( δN −) 

Nd r 
+ 

d ( δV + 

) 

V d r 
+ 

d ( δV −) 

V d r 
+ 

2 

r 
= 0 (C1) 

d ( δV + 

) 

d r 
+ 

d ( δV −) 

d r 
= − c 2 

NV 

(
d ( δN + 

) 

d r 
+ 

d ( δN −) 

d r 

)

− c 2 

T V 

d T 

d r 
− g 

V 

(C2) 

Substituting ( B6 ) into ( C1 ) and ( C2 ) to remo v e the density
erturbations we find (

1 

V 

+ 

1 

c 

)
d ( δV + 

) 

d r 
+ 

(
1 

V 

− 1 

c 

)
d ( δV −) 

d r 
= −2 

r 
(C3) 

( V + c ) 
d ( δV + 

) 

d r 
+ ( V − c ) 

d ( δV −) 

d r 
= − c 2 

T 

d T 

d r 
− g (C4) 

Combining ( C3 ) and ( C4 ) to remo v e either the forward or
ackward propagation yields 

 ph + 

d ( δV + 

) 

d r 
= −1 

2 

(
2 cV 

r 
+ 

c 2 

T 

d T 

d r 
+ 

w 

2 r s 

r 2 

)
(C5) 
NRAS 540, 2975–2990 (2025) 
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 ph −
d ( δV −) 

d r 
= 

1 

2 

(
2 cV 

r 
− c 2 

T 

d T 

d r 
− w 

2 r s 

r 2 

)
= 

1 

2 
R (C6) 

Note that v ph is the propagation speed of a perturbation in the frame
f reference of the star. When v ph �= 0, the perturbation will propagate
way and cannot form a stable structure in the flow. Therefore, a
tructure stands in the wind flow that is formed by the backward
ropagating perturbation at the sonic point when v ph −( V = c ) = 0.
his forms a transonic structure between the subsonic and supersonic

egimes. In the following, we discuss only the backward propagation
C6) near the sonic transition. 

Subsonic flow. Before the sonic point, v ph − = V − C < 0. There
re two possible regimes of subsonic flow: R > 0 and R < 0. Since R
tarts with R < 0, if R becomes positive before the sonic point, δV −
ecomes ne gativ e, the flow speed may not be able to reach the sonic
peed. This gives a subsonic wind solution. 

If R remains ne gativ e as the sonic point is approached, δV − will
ncrease rapidly until the sonic point is reached. At the sonic point,
ince the LHS = 0 but RHS < 0, this solution is impossible except if
V − = ∞ . This forms a discontinuity. 

Supersonic flow. Since the d T /d r term in equation ( C6 ) is related
o the heat flux, we neglect it for the moment in our discussion. From
he subsonic flow discussion, the velocity has to increase rapidly
s the sonic point is encountered. In order to maintain the transonic
ondition, the sonic speed and the temperature increase, which in turn
ncreases R within the discontinuity. When the R = 0 + condition is
eached, the supersonic condition can be maintained with continuous
ncrease of the flow velocity. 

Therefore, when R < 0 as the sonic point is approached, supersonic
ow can be formed downstream of the discontinuity at the sonic
oint. The process can be understood as follows. When neglecting the
lectromagnetic effects, the information in a HD flow is carried by the
ound waves. Since the two propagations are at the sonic speed in the
rame of reference of the flow, the forward propagation will propagate
way and does not contribute significantly to the formation of a
tanding structure in the wind. By contrast, the backward propagation
n the flow frame of reference propagates inw ard (outw ard) in the
ubsonic (supersonic) region, a standing structure may be able to
orm in the wind flow. As discussed abo v e, within this structure,
hich is a discontinuity but not a shock, both the flow speed and

emperature most likely increase. In Section 3.3 , we show that these
ump conditions form a stable discontinuity, i.e. across it the entropy
ncreases. 

When the magnetic field is included, in principle, three wave fronts
an be formed for the slow, Alfvenic, and fast transitions, respectively
Weber and Davis 1967 ). 
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